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ABSTRACT
We consider the conformal gauging of non-abelian groups. In such cases
there are inequivalent ways of gauging (generalizing the axial and vector cases
for abelian groups) corresponding to external automorphisms of the group.
Different σ-models obtained this way correspond to the same conformal field
theory. We use the method of quotients to formulate this equivalence as a
new duality symmetry.
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Duality symmetries are special to string theory and seem to be very useful in under-
standing stringy physics. Although discovered in flat torroidal backgrounds [1], they were
shown to persist semiclassically in curved backgrounds with abelian [2] or non-abelian
[3] symmetries. In [4, 5] it was realized that axial and vector gauging of an abelian chiral
symmetry provides with two dual versions of the same σ-model. One on the other hand
can use CFT arguments in order to show that axial and vector abelian cosets correspond
to the same CFT, [6]. Axial-vector duality was employed in [7] to generate, using the
method of quotients, the general abelian duality transformations, [2], and used to gen-
eralize the O(d, d, Z) symmetry to curved backgrounds [8]. The exactness of abelian
duality symmetries in the compact case is well understood [6, 9]. In the non-compact
case, we know that axial vector duality is exact, [10], only for abelian cosets possessing
appropriate Weyl symmetries. Concerning non-abelian duality [11, 12, 13, 14] the situa-
tion is certainely not clear. It is not obvious if one has an exact symmetry and tools like
axial-vector duality are lacking so far.
In this note we will study a non-abelian analog of axial-vector duality which is gen-
erated by gauging non-abelian groups in a σ-model, not only using the standard vector
gauging but also other possible gaugings related to vector gauging by external automor-
phisms, [15, 16]. In [15] it was conjectured that this will lead to another form of duality
for gauged WZW models. As we will see, a look at the CFT construction of these gaug-
ings indicates that the various cosets obtainable that way, are equivalent CFTs. This
will provide us then with some new duality transformations in the σ-model picture. It
is plausible that this duality (which from now on we will label quasi-axial-vector duality)
is related to the standard non-abelian duality. Moreover in general it acts on σ-model
backgrounds with no isometries. An easy example of that is G/H with H a maximal
subgroup of G.
This quasi-axial-vector duality realized partly a conjecture in [17]. One expects all the
underlying exact symmetries of current algebra to generate duality symmetries for the σ-
model description. Affine external automorphisms however are not obvious to implement
in the σ-model. Here we will deal with usual external automorphisms and provide their
implications for quasi-axial-vector duality.
The first explicit example of such duality was given in [16], where two different gaug-
ings were considered for the (Ec2 × E
c
2)/E
c
2 coset model. The respective σ-model back-
grounds were related by a series of abelian duality transformations however. The reason
is that if one constructs the Ec2 groups by appropriately contracting SU(2)× U(1) then
the quasi-axial-vector duality is generated by standard axial-vector duality on the U(1)
before contraction.
We will start by investigating the CFT point of view. Consider a WZW theory for
some (simple) group G. The standard spectrum of representations for the left and right
current algebras has the form (R, R¯), modulo the affine truncation. The operator product
fusion rules follow again group theory modulo truncations. If we act on the spectrum by
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an external automorphism of the right (finite) Lie algebra, then we obtain an equivalent
theory∗, in the sense that there is a reorganization of the spectrum such that the OPEs
are the same.
A similar remark applies to coset models. Consider a non-abelian subgroup H of
G (such that it has non-trivial external automorphisms). The standard vector gauging
implies the following constraint on the spectrum
Ja0 + J¯
a
0 = 0 (1)
This determines the modular invariant of the G/H model once the spectrum of the origi-
nal G model is known. If we now gauge the left H subgroup twisted by an automorphism
S we will have a different zero mode constraint:
Ja0 + S
a
bJ¯
b
0 = 0 . (2)
The fact that the two gaugings give equivalent models is obvious once we perform the
transformation S in the G theory.
Once we have seen that the two gauged models correspond to the same CFT we can
move to the σ-model in order to implement this equivalence as a duality. The strategy
we use is that of quotients [7] which is tuned to utilize axial-vector type dualities, [4].
The duality transformations for an abelian isometry, may be derived by starting from
a general (d + 1)-dimensional σ-model with U(1)l × U(1)r symmetry. One then has
the choice of either gauging the vector or axial U(1) subgroup, leading to two σ-models
which are related by the abelian duality transformations. In particular, since one can
argue that both gaugings lead to the same CFT, this proves that the corresponding
duality transformation relates two different backgrounds of the same CFT.
Here we will generalize this result using the fact [15] that when we have a world-sheet
action, with an (Hl×Hr) symmetry, we have a distinct anomaly-free world-sheet gauging
of the H-symmetry for each external automorphism S of H ,
Sa
dSb
efde
g(S−1)g
c = fab
c , Sa
cSb
dηcd = ηab , a = 1, . . . , dimH (3)
where fab
c and ηab are the structure constants and Killing metric of H respectively. The
statement is that the world-sheet gauge group can be chosen to be
J
H
a = J
H
a + Sa
bJ¯Hb (4)
where JHa and J¯
H
a are the left- and right-moving world sheet currents ofH respectively. In
particular, the usual vector-gauging corresponds to S = 1, while the validity of the axial
gauging for abelian subgroups follows since S = −1 is always an external automorphism in
that case. More generally, when a non-abelian group H has a non-trivial automorphism,
the result implies that we have other gaugings beyond the vector gauging, which are
∗Sometimes the diagonal Lie algebra may have a physical meaning. In such a case one can distinguish
between a WZWmodel and its transformed version. This happens for example in type IIA or IIB strings.
2
typically of a mixed vector-axial type. For example, when H is a simple compact non-
abelian group such automorphisms occur in SU(n) and SO(2n) with n ≥ 3, and E6.
We start with the most general σ-model in d + 2dimH dimensions that has a chiral
Hl ×Hr symmetry,
I(h1, h2, x) = I(h1)+I(h2)+
∫
d2z
π
[Bab(x)J¯
a
2J
b
1+G
1
ia(x)∂¯x
iJa1 +G
2
ai(x)J¯
a
2 ∂x
i]+I(x) (5)
where I(hI), I = 1, 2 are two copies of the WZW action
I(h) =
∫
Σ
d2z
2π
Tr[h−1∂hh−1∂¯h]− i
∫
B
d3z
6π
Tr(h−1dh)3 (6)
satisfying the Polyakov-Wiegmann formula
I(hh0) = I(h) + I(h0) +
∫ d2z
π
Tr[h−1∂h∂¯h0h
−1
0 ] . (7)
The currents in the action (5) are defined as
JI = h
−1
I ∂hI = J
a
I Ta , J¯I = ∂¯hIh
−1
I = J¯
a
I Ta , I = 1, 2 (8)
where Ta are matrices of some H-representation normalized as Tr(TaTb) = ηab. Finally,
the matrices Bab(x), G
1
ia(x) and G
2
ai(x) are arbitrary functions of some set of target space
coordinates xi, i = 1, . . . , d with an arbitrary σ-model action
I(x) =
∫
d2z
2π
[Eij(x)∂¯x
i∂xj + α′R(2)φ(x)] , Eij(x) = gij(x) + bij(x) (9)
where gij is the target space metric on this manifold, bij the anti-symmetric tensor and
φ the dilaton field.
We remark that the form (5) can be obtained by decomposing the WZW action
I(h1(θL)g(x)h2(θR)) using eq.(7), in which case a special form of the action (5) is found
†,
with
Bab(x) = Tr[g(x)Tag
−1(x)Tb] (10a)
∂¯xiG1ia(x) = Tr[Ta∂¯g(x)g
−1(x)] , G2ai(x)∂x
i = Tr[Tag
−1(x)∂g(x)] (10b)
I(x) = I(g(x)) . (10c)
It is clear from the properties of the WZW action, that in this special case we have a
chiral Hl×Hr symmetry. However, this symmetry persists when we drop the conditions
in eq.(10), as we will show below.
The action (5) has chiral Hl × Hr symmetry, generated by the separately conserved
left- and right-handed currents
J¯al = J¯
a
1 + [J¯
c
2Bcb(x) + ∂¯x
iG1ib(x)](ω1)
ba (11a)
†this we can do if the group G inside which H is embedded is large enough.
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Jar = J
a
2 + (ω2)
ab[Bbc(x)J
c
1 +G
2
bi(x)∂x
i] (11b)
∂J¯al = ∂¯J
a
r = 0 (11c)
where we have defined the matrices
(ωI)ab = Tr[hITah
−1
I Tb] , I = 1, 2 (12)
and indices are raised with the inverse Killing metric ηab.
In particular, these conserved currents follow from the chiral transformations
h1 → hlh1 , hl = e
ǫa
l
Ta (13a)
h2 → h2h
−1
r , hr = e
ǫarTa (13b)
which, for infinitesimal ǫ, yield a variation of the action given by
δS =
∫
d2z
π
[∂ǫal J¯
l
a − ∂¯ǫ
a
rJ
r
a ] . (14)
To obtain these results from (5), one uses the Polyakov-Wiegmann property (7), along
with the definition of the currents in (8) and ωI in (12).
In the following we will assume that H is such that it has at least one non-trivial
external automorphism S. We can then choose to gauge the vector subgroup of the
Hl × Hr symmetry or a mixed vector-axial gauging corresponding to a non-trivial S in
(4). Hence, we consider the gauge transformations in (13), with
ǫar = ǫ
b
lSb
a (15)
where S = 1 is the usual vector-gauging.
The resulting gauge-invariant action is given by
Igauge = I(h1, h2, x)−
∫
d2z
π
[Aal J¯
l
a − A¯
a
rSa
bJrb − A¯
a
r(1− Sω2Bω1)abA
b
l ] (16)
where I(h1, h2, x) as given in (5). The gauged action is invariant under the left and right
H-transformations in (13), combined with the transformation of the gauge fields,
Al → hl(Al − ∂)h
−1
l , A¯r → hl(A¯r − ∂¯)h
−1
l (17)
where the gauge field components are as usual defined by Aal = η
abTr[TbAl] and A¯
a
r =
ηabTr[TbA¯r].
We will choose to gauge fix h2 = 1
‡, so that J2 = J¯2 = 0 and ω2 = 1, and drop the
subscript 1 on the remaining quantities h1, J1, J¯1 and ω1. Then, after integrating out
the gauge fields in the gauged action (17), we obtain after some algebra a (d + dimH)-
dimensional σ-model, whose form is given by
Igauge(h, x) = I(h)−
∫ d2z
π
[Gab(h, x)J¯
aJ b+Γ1ia(h, x)∂¯x
iJa+Γ2ai(h, x)J¯
a∂xi+Qij(h, x)∂¯x
i∂xj ]
‡Notice that this is a different gauge fixing than the one used in [7].
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+
∫
d2z
2π
α′R(2)Φ(h, x) (18a)
Ja = Tr[Tah
−1∂h] , J¯a = Tr[Ta∂¯hh
−1] , ωab = Tr[hTah
−1Tb] . (18b)
Here we have defined
M ≡ 1− SBω , G = (1−M−1)ω−1 , Γ1 = −G1ωM−1ω−1 (19a)
Γ2 = −M−1SG2 Q = −
E
2
−G1ωM−1SG2 , Φ = φ−
1
2
ln detM (19b)
where, for brevity, we have dropped the explicit indices of the relevant matrices and
matrix multiplication is employed. The shift in the dilaton follows from the jacobian
that arises when integrating out the gauge fields.
We remark here that due to the the h-dependence of the couplings, the model (18)
cannot be viewed as a non-abelian compactification. Moreover, the h-dependence of the
matrices G, Γ1,2 and Q arises through ω (and hence also M), and the x dependence is
encoded in the arbitrary matrices B, G1,2 and E of the parent action (5). So although
the latter are arbitrary, the couplings in (18) do have a certain form dictaded by eq.(19).
To summarize, starting from the parent action (5) with some group H , we have
derived for each external automorphism S of H , a distinct gauged model in d + dimH
target space dimensions. If the parent action is conformally invariant then so are the
gauged versions of it (and vice versa). This implies that when the gauged theories (18)
are conformal, they correspond to the same conformal field theory for any S.
We will now use the above to obtain quasi-axial-vector duality transformations. Tak-
ing the viewpoint that we are given an action of the form (18) for S = 1, we need that
the quantities
B(x) = G(ωG− 1)−1 , G1(x) = Γ1(ωG− 1)−1 , G2(x) = (Gω − 1)−1Γ2 (20a)
E(x) = −2Q + 2Γ1ω(Gω − 1)−1Γ2 , φ(x) = Φ +
1
2
ln det (1−Gω) (20b)
depend on x only, where ω is defined in (18b). These relations are simply obtained by
solving for B, G1,2 and E in eq.(19) at S = 1.
We can now substitute the expressions (20) into (19) to obtain the corresponding dual
model, given the non-trivial external automorphism S of H . After some manipulations
we find the quasi-axial-vector duality transformation,
G˜ = SG[1 +ω(S− 1)G]−1 , Γ˜1 = Γ1[1+ω(S− 1)G]−1 , Γ˜2 = S[1+Gω(S− 1)]−1Γ2
(21a)
Q˜ = Q− Γ1ω(S − 1)[1 +Gω(S − 1)]−1Γ2 , Φ˜ = Φ−
1
2
ln det[1 + (S − 1)Gω] (21b)
relating the original background to another one, both corresponding to the same CFT.
As a first check on these results we note that performing the transformations (21) twice
results in S → S2, as desired by consistency. In particular, for Z2 external automorphisms
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(which is the generic case when an external automorphism is present) we obtain the initial
background, while for a Z3 external automorphism (which occurs for SO(8)) we get back
to the orginal background after applying the generalized duality three times.
As another check, we choose H to be abelian and evaluate (21) for S = −1. As our
method here is the non-abelian generalization of the one employed in [7], yielding the
abelian duality transformations, we should recover those in this way. Indeed using (21)
in (18) along with
I(h) =
∫
d2z
2π
ηab∂¯θ
a∂θb , Ja = ∂θa , J¯a = ∂¯θa , ωab = δab (22)
it is not difficult to establish that we obtain the correct abelian duality transformations
G˜t = G
−1
t , Γ˜
1
t = Γ
1
tG
−1
t , Γ˜
2
t = −G
−1
t Γ
2
t (23a)
Q˜t = Qt − Γ
1
tG
−1
t Γ
2
t , Φ˜ = Φ−
1
2
ln detGt . (23b)
Here, the total action is written as
I(θ, x) =
∫
d2z
2π
[∂¯θGt(x)∂θ + ∂¯xΓ
1
t (x)∂θ + ∂¯θΓ
2
t (x)∂x + ∂¯xQt(x)∂x] (24a)
Gt = 1− 2G , Γ
1
t = −2Γ
1 , Γ2t = −2Γ
2 , Qt = −2Q (24b)
in terms of the quantities in (21).
There are several questions that remain open. The quasi-axial-vector duality sym-
metry presented above seems to be in some respects different from the standard abelian
axial-vector duality. For one thing, the backgrounds where it applies do not generically
have Killing symmetries. Moreover a coordinate independent characterization of the
backgrounds which admit such a duality symmetry is not obvious. It would be interest-
ing to study examples of dual pairs of σ-models. However, since groups with non-trivial
automorphisms are rather large the calculations are involved. Most important, the pos-
sible connection with non-abelian duality must be elucidated. This will help in shedding
some light onto the real differences between abelian and non-abelian duality. It seems
plausible in that respect that quasi-axial-vector dulaity is related to non-abelian duality
upon linearizing the non-abelian symmetry. We hope to address some of these issues in
a future publication.
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